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1. INTRODUCTION 
Let G be a finite group. An element g in G is called a right-engel element 
if there exists an integer n such that [x, g, . . . . g] = 1 for all x in G. A 
_cu 
famous theorem of Baer [B] states that if g is”a right-engel element of G, 
then g belongs to F(G), the Fitting subgroup of G. 
We study a generalization of this. Let g and y be two elements of G. We 
say that g is right-engel with respect to y if g is a right-engel element in 
(y, g), the subgroup generated by y and g. 
Conjecture I. Let rc be a set of primes and let H be a Hall rc-subgroup 
of G. Suppose g is a n-element of G. If g is right-engel with respect to h 
for all h in H, then g belongs to F(H). 
For a prime p, Baer’s theorem has the following version [AL, Su]: a 
p-element g belongs to the maximal normal p-subgroup O,(G) of G if and 
only if g together with any element in its conjugacy class generates a 
p-subgroup. This leads to the following versions of Conjecture I: 
Conjecture II. Let P be a Sylow p-subgroup and g a p-element of G. If 
g is right-engel with respect to each element of P, then g belongs to P. 
Conjecture III. For all primes p and for all finite groups G the 
following is true: 
(*) Let P be a Sylow p-subgroup and g a p-element of G. If g 
together with any element of P generates a p-subgroup, then g belongs to P. 
We will show that these three conjectures are equivalent in the remark 
at the end of this section. It is known that Conjecture III is true when 
either G is p-solvable or P has nilpotent class at most 2 [Ho]. A minimal 
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counterexample to Conjecture III must be an extension of a non-abelian 
simple group by a cyclic group (see 3.1). Applying the Classification 
Theorem we prove the following: 
THEOREM. If p > 7 then (*) holds for all finite groups G. 
For primes p Q 7 other methods will be needed, especially to deal with 
the sporadic groups and the groups of Lie type E,. 
Remark. Conjectures I, II, III are equivalent. 
ProoJ Trivially I implies II. For the converse, assume II holds and take 
g as in I. Write g= nP g,, where g, is the p-part of g for p E n. Let 
P E SylJH). Then P E SylJG). Let y E P. Since y is right-engel in 
L := ( y, g), we have g E F(L). Let S be the Sylow p-subgroup of F(L). 
Since g, is a power of g and is a p-element, g, E S. As y normalizes S, 
( g,, y ) c S( y ) is a p-group. Hence g, is right-engel with respect to y. By 
II this implies g, E P, hence gpE H. So g = HP g, E H, and then even 
g E F(H) by Baer’s theorem. This proves the equivalence of I and II. The 
equivalence of II and III follows again from Baer’s theorem. 
The following example shows that the condition of g being a n-element 
in I is essential. Let G be the alternating group on four letters, g an involu- 
tion, and H a Sylow 3-subgroup of G. Then g is right-engel with respect 
to each element of H, but g $ H or HC,( H). 
We use standard notation from group theory. E.g., C,(Y) denotes the 
centralizer of Y in X; Z(G) is the center and G’ is the commutator 
subgroup of G. 
This paper is organized as follows: In the next two sections we collect 
some facts about Sylow subgroups of groups of Lie type. Section 4 contains 
the reduction to simple groups and in the remaining sections we deal with 
the known simple groups. 
2. SYLOWP-SUBGROUPS OF CLASSICAL GROUPS IN CHARACTERISTIC #p 
Let HO = GL(n, q), Sp(n, q), 0 *(n, q), or U(n, q*) (n > 1 ), acting in the 
natural way on the vector space I’= k” over the field k = F, (resp. k = F: 
if HO = U(n, q*)); we exclude the case H, = O(n, q) with n odd and q even 
(since then SO(n, q) : Sp(n - 1, q)). Then the canonical Ho-invariant 
bilinear resp. Hermitian form f on V is non-degenerate unless H, = 
GL(n, q) (when f = 0). 
We fix a prime p > 3 with (p, q) = 1. First we need a description of the 
Sylow p-subgroups of H, (see [We] and [GoLy, p. 114-1161): Let K be 
the smallest extension field of k having an element of (multiplicative) order p. 
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Set e = [K: k]. Let R E Syl,(HO). Then R permutes subspaces Vi, . . . . V, of 
V and fixes elementwise a subspace W of V with V= V, + . . . V, + W 
(orthogonal direct sum). Note that those subspaces are non-degenerate 
if f # 0. 
The subgroup of R fixing V,, . . . . V, is the direct product of the 
R, = R n Hi, where Hi is the subgroup of H, fixing Vi and acting trivially 
on W and on the V,, with j# i (i= 1, . . . . Y); Ri # 1 is a Sylow p-subgroup 
of Hi and is cyclic of order pa, where pa is the largest p-power dividing 
lK*(. Furthermore one of the following holds: 
(I) dim Vi=e, dim W<e. 
(II) dim Vi = 2e, dim W d 2e, f # 0. 
(The case dim W = dim Vi can only occur for orthogonal groups in even 
dimensions.) 
2.1. LEMMA. In case (I), Ri acts irreducibly on V,. In case (II), Ri does 
not leave invariant a non-degenerate proper subspace of Vi. 
Proof The first statement is obvious (by the definition of e). For the 
second statement, assume Ri leaves the non-degenerate subspace U of Vi 
invariant. Let c1 (resp. /I) be a generator of the group induced by Rj in U 
(resp. in U’ n Vi). Denote by & (resp. 8) the extension of CI (resp. 8) to a 
linear transformation of V acting trivially in Ul (resp. in U + Vf ). Then cl 
and fl centralize Ri, hence belong to Rj since Rie SylJH,). As Ri is cyclic 
it follows that Cr = 1 or fl= 1, i.e., U = 0 or U = Vi. 
2.2. LEMMA. Let x E R,R, for some i, j between 1 and r. If xh permutes 
V 1, . . . . V, for some h E TL( V), then xh fixes V,, . . . . V,. Thus if two TL( V)- 
conjugates of x lie in R then they commute. 
ProoJ: Set y = xh and E= h( Vi) + h( V,). Then y(a) E a + E for every 
aE V. 
Assume y does not fix V,, . . . . V,, say y( VI) = V,, y( V2) = V,, . . . . 
y( V,-) = V, for some m b 1. Then V, = yflL- ‘(V,) 6 V, + E for p = 2, . . . . p”. 
Hence VI + ... +V~<V1+Eandp”dim(V,)<dim(V,+E)<3dimV,, 
i.e., pm < 3. This contradiction proves the first claim. The second claim 
follows from this and the fact that the subgroup of R fixing V,, . . . . V, is 
abelian. Q.E.D. 
Let r= TL(n, q), ISp(n, q), TO’(n, q), respectively ZYJ(n, q2) (notation 
as in [KaLi] ), corresponding to H,, being linear, symplectic, orthogonal, 
respectively unitary. 
2.3. PROPOSITION. Let h E r such that (h, x) is a p-group for each 
x E R n SL( V). Then h permutes V,, . . . . V,. 
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ProoJ We divide the proof into four steps. 
(1) h(l/,)=Vjorh(V,)~Ci:=W+C,+jV, (i=l,...,r): 
We may assume i = 1. Pick a generator x of R,. First we consider the 
case R, < SL( I’). Then (h, x) is a p-group, hence also (x, xh) is a 
p-group and thus lies in a conjugate of R (in H,). So x and xh commute 
by Lemma 2.2, implying that x fixes h( V1) (= [I’, x”]). Hence h( V1) = 
[h(V,)n V,] + [h(V,)n C,]; if f#O then both summands are non- 
degenerate (since they are orthogonal and their sum is the non-degenerate 
space h( I’,)). By Lemma 2.1 it follows that the R,-invariant space 
h( V1) n V, is zero or all of V, , which completes the proof of (1) in the case 
R 6 SL( V). 
Now assume R, $ SL( I’). Then H, is GL(n, q) or U(n, q2) (since p > 2) 
and e = 1 (since det(x) is a non-trivial p-element of K*). 
If H, = U(n, q*) and we are in case (II), then x acts with eigenvalues t 
and trq on the 2-space V, (for some p-element t of k*). Since k* is cyclic 
oforderq2-l=(q-l)(q+1)and(q-1,q+1)~2~p,eithertY~1=1 or 
tY+’ = 1. By assumption x is not in SL( V), hence tY # t and thus tY = t--l. 
This means that x acts as a scalar multiplication on V,, contradicting 2.1. 
Thus case (II) cannot occur, i.e., we are in case (I) with dim Vi= 1. Then 
W=O (since H, is not orthogonal), so r > 1. Pick y # 1 in (R, R,) n SL( V) 
with eigenvalue t (resp. tr’) on V, (resp. V,) for some t E k*. Again y and 
yh commute by 2.2, hence y fixes the t-eigenspace h( I’,) of yh and (1) 
follows. 
(2) NV,) x w: 
Otherwise h( V1) = W. Then V, and W are semi-linearly isometric, hence 
there is a p-element x # 1 in H,, fixing W and acting trivially on 
v,+ ‘.. + V,. So x centralizes R. Since R E Syl,(H,) it follows that x E R, 
a contradiction. 
(3) If h( VI) # VI then h( V,) $ W+Cicn V,, where Q is the set of 
all i = 1, . . . . r with h( Vi) = Vi: 
Assume h(V,)<X:= W+CiEn Vi. If f = 0 then dim W < dim VI, hence 
h( V,) intersects the h-invariant space CiER Vi non-trivially; then also V, 
intersects this space non-trivially, forcing 1 EQ, i.e., h( V,) = V,. Now 
assume f #O. Then h fixes the space Y := W+Cirn Vi= (xien Vi)‘. Thus 
if V, < Y then also h( V, ) < Y and thus h( VI) < Xn Y = W, contradicting 
(2). Hence V, X Y, i.e., 1 ED and h( VI) = V,. This proves (3). 
(4) h permutes VI, . . . . V,: 
It suffices to show h( V,) E {V,, . . . . Vr}. We may assume h( V,) # V,. 
Then h( V,) G C, by (1). Since h(V,) # W by (2), we have C, # W and 
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so r 3 2. Let C := V, + ... + V,. By (3) we may assume (renumber- 
ing V, , . . . . V, if necessary) that h( I’,) $G C and h( V,) # I’,. Now take 
generators x1 (resp. x2) of R, (resp. R,) with det(x,) = det(x,). 
Then x := x,x;’ E R,R, n X,(V). Hence (x, h) is a p-group. So x 
commutes with xh by 2.2. Thus x fixes [V, x”] = h( V,) + h( V,) =: Z. As 
h( Vi) < C, but h( Vi) $ C, the space Z, := Z n C1 properly contains 
Z n C. Since C = C,(x), Y := [Z,, x] # 0. Note that Y < [IV, x] n C, = 
(V, + V2) n C, = V,. Thus: 
Also Y<Z=h(V,+ V,), hence h-‘(Y)< Vi+ V,. By assumption 
h-‘(V2)# V,, thus hK’(V,)< Cz by (1) (applied to h-’ instead of h). 
Therefore h- ‘( Y) < ( V, + Vz) n C, = I/, , thus 
(b) Ydh(V,). 
From Y< h( V,) < Z, we get Y = [Y, x] < [h( V,), x] < [Z,, x] = Y. 
Thus 
Recall that Y # 0 is an x-invariant subspace of V, (by (a)). In case (I) 
it follows that Y= V, by 2.1, hence V, = h( Y,) by (b). The same reasoning 
applies in case (II), noting that Y is non-degenerate (since h( V,) is 
non-degenerate). 
Therefore h( Vi) = I’, in any case. Thus h( I’,) E (V,, . . . . I’,}, which 
proves (4) and thereby the proposition. 
3. SYLOW ~-SUBGROUPS OF EXCEPTIONAL LIE TYPE GROUPS 
IN CHARACTERISTIC #p 
In this section we fix a prime p > 7. 
3.1. LEMMA. Let Q = (Z/p”Z)’ be homocyclic of exponent p”3 p* and 
let Q,, . . . . QN be subgroups of Q not containing the socle Qpa’-’ of Q. rf Q 
is the (set-theoretic) union of QI, . . . . QN then N> p(p + 1). 
ProoJ We use induction on the rank r of Q (clearly r >, 2). If r = 2 then 
each Qi, is cyclic; since each element of Q\Qp lies in only one cyclic 
subgroup (of order p”) of Q, we get 
=P O-‘(p+ l)>pp(p+ 1). 
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Now assume r > 2. The socle S of Q is a r-dimensional vector space over 
F,. If each hyperplane of S lies in some Qi, then N> # (hyperplanes of S) 
= 1 +p+ . . . +p’-1 b p(p + 1). Thus we may assume that some hyper- 
plane S, of S does not lie in any Q;. Pick a direct factor Q, (of rank r - 1) 
of Q whose socle is S,. Then Q, n Q,, . . . . QN n Q, are subgroups of Q,, not 
containing S,, and Q, is the union of these subgroups. Hence by induction 
NBp(p+ 1). Q.E.D. 
Let G be a simple algebraic group of type C,, D,, F4, G,, E,, E,, or E, 
over an algebraically closed field of positive characteristic s # p, and let (T 
be an endomorphism of G with finite fixed point set G,. Let Q be a Sylow 
p-subgroup of G,. Denote the socle of Q by Sot(Q) and the identity 
component of an algebraic group H by Ho. 
3.2. hMMA. If Q is homoc~~clic of exponent > p2 then there exists x E Q 
such that: 
(a) Cdx)‘d C&OC(Q))~. 
(b) For every Sylow p-subgroup R of G, containing x we have 
Soc( Q) = Soc( R). 
Proof: We know Q is contained in a maximal torus T of G (see [SpSt, 
11.5.81). Consider the collection of the proper subgroups Q n Ker(cc) of Q, 
where CI runs through the roots of T in G not vanishing on Sot(Q). Since 
the number of positive cx is d 120, the number of these subgroups is also 
6 120 < p(p + 1) (as p > 7). Hence by 3.1 the union of these subgroups is 
not Q. Thus there exists x E Q not in any one of these subgroups. Then for 
each root CI of T, LX(X) = 1 implies cc(Soc(Q)) = 1. Thus x satisfies (a) by 
[SpSt, 11.4.11. 
For (b), note that R6 C,(x) and thus R6 CG(x)’ by [SpSt, 11.4.11 
(since p > 7). By (a) it follows that R centralizes Sot(Q), i.e., Sot(Q) d R. 
This proves (b). 
4. REDUCTION TO SIMPLE GROUPS 
4.1. LEMMA. For fixed p, let G, P, g be a counterexample to the 
Theorem with 1 GI minimal. Then : 
(i) We have G = (P, g> and g does not normalize any non-trivial 
normal subgroup of P. 
(ii) We have G = M( g>, where M is a non-abelian simple normal 
subgroup of G, and C,(M) = 1. 
(iii) There is no element in M that lies in exactly one Sylow 
p-subgroup of M. 
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Proof. The proof for (i) is clear. 
Next let A4 be a minimal normal subgroup of G. By minimality of G, P 
maps surjectively to G/M, i.e., G = PM. Hence P n M( g ) is a Sylow 
p-subgroup of M(g). Therefore G= M(g). Since G is not solvable by 
[Ho], it follows that M= M, x . . . x Mk, where M,, . . . . M, are isomorphic 
non-abelian simple groups. 
Suppose k > 1. We may assume (Mi)R = M,, i for i = 1, . . . . k, where the 
indices are read mod(k). Let x = x, . xk E P n M= P, x . . x P,, where 
xi~P,:=PnMi. Then x”=x~~...x~~,. Since (x, g) is a p-group, 
(x ,+i, xg) is a p-group for i= 1, . . . . k, where the indices are read mod(k). 
As x is arbitrary in P n M, we can fix xi and let x, + , run through P,, , . 
As k> 1 and Pi+, E Syl,(M,+i), minimality of G implies that xp~ Pi+ ,. 
Since xi is arbitrary in P,, we proved that (P,)” = P,, ,. Hence g 
normalizes the normal subgroup P n M of P. This contradiction proves 
that k = 1 and establishes (ii). 
(iii) If P n M contains such an element, it follows easily that P n M is 
normalized by g, which contradicts (i). Q.E.D. 
For the rest of the paper we assume the following 
Hypothesis. Let G be a finite group and p a prime. Let g E G and P be 
a Sylow p-subgroup of G such that for any x E P, the subgroup generated 
by g and x is a p-group. Furthermore we assume that (i), (ii), and (iii) of 
4.1 hold. 
Using the classification theorem we will prove that this hypothesis forces 
p < 7 (in fact we obtain better bounds for p in some cases). In view of 4.1 
this will complete the proof of our theorem. 
4.2. LEMMA. Let H be a finite group with normal subgroup N such that 
G = HJN. Let Q be a Sylow p-subgroup of H mapping to P and let h be a 
p-element of H mapping to g. Then for every y E C,(N) the group (h, y ) 
is a p-group. 
Proof Since the image of A := (h, y) in G is a p-group, we have 
A = (A n N) T for each Sylow p-subgroup T of A. Thus, if y E T then also 
yA c T (since y centralizes N). It follows that y E O,(A), hence A = (h, y ) 
is a p-group. 
5. THE ALTERNATING AND SPORADIC GROUPS 
5.1. PROPOSITION. (a) For any positive integer n and for any prime p, 
there is an element in S, that belongs to exactly one Sylow p-subgroup of S,. 
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(b) M is not an alternating group, if p is odd. 
(c) M is not a sporadic group if p > 3 except possibly if p E { 5, 7) and 
M=F,. 
Proof: (a) Write n = a, + a, p + . . . + a, p’, where 0 6 ai < p. Then the 
Sylow p-subgroups of S, are in l-l correspondence with the partitions of 
{ 1, . . . . n} into a0 blocks of length 1, a, blocks of length p, . . . . a, blocks of 
length pf, and each element of S, with such a cycle structure lies in exactly 
one Sylow p-subgroup of S, (see [J, p. 82, Examples 16, 171). 
(b) This follows from (a) and condition (iii) of the Hypothesis. 
(c) Let p > 3 and assume M is sporadic. Since Out(M) is a (2, 3)- 
group and G = M(g), we have G = M. Exclude the cases listed in (c). 
Then the Sylow p-subgroups of G have class 62 or order 6 p4 except 
p = 5 and A4 = Ly, F,, F2, F, , or p = 7 and A4 = F, . Excluding these cases 
we obtain gE P by [Ho], which contradicts condition (i) in the 
Hypothesis. 
Suppose p = 5 and M = Ly, F,, or F2. By [Atlas] an element 0 of order 
25 in A4 satisfies C,(g) = (a). We claim that d lies in exactly one Sylow 
5-subgroup of M, which will contradict condition (iii) in the Hypothesis. 
Let r = o5 and let P,, P, be two Sylow 5-subgroup of M containing 6. 
Then Z(P,) = (r) = Z(P,). Hence P,, P, < C,(T) := C. Thus O,(C) < 
P, nP,. Since a#Os(C) and IC/O,(C)I,=5, we obtain P, = (G) O,(C)= 
P, as desired. 
6. GROUPS OF LIE TYPE IN CHARACTERISTIC p 
6.1. PROPOSITION. M is not of Lie type in characteristic p except 
possibly if p = 2 and M = 2F4(2)‘. 
Prooj Assume M is of Lie type in characteristic p and M# 2F4(2)‘. 
Then M can be embedded as a subgroup of index d in G,, where G is a 
simple algebraic group over the algebraic closure of F,, d is an 
endomorphism of G with finite G,, and d is prime to p. The Sylow 
p-subgroups of G, are of the form U,, where U is a maximal connected 
unipotent subgroup of G (see [Stl]). Thus by [SpSt, 111.1.19 and the 
remark following 111.1.121 the group G, contains an element that lies in 
exactly one Sylow p-subgroup of G, (namely, any regular unipotent 
element). Since (d, p) = 1 this element lies in M, which contradicts 
condition (iii) of the Hypothesis. 
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7. GROUPS OF LIE TYPE IN CHARACTERISTIC fp 
7.1. PROPOSITION. M is not classical if p > 3. 
Proof Suppose p> 3 and A4 is classical. Then M is of the form 
M = Hk/Z( HA), where H,, r, q, n, and V are as in Section 2. Then 
(p, q) = 1 by 6.1. We may further assume G 6 Aut(M) by condition (ii) of 
the Hypothesis. In fact G is contained in the subgroup generated by the 
inner, diagonal, and field automorphisms (since this subgroup has index 
63 in Aut(M), see [St2]). All these automorphisms are induced by r (see 
[KaLi, p. 41). Thus if H denotes the preimage of G in r, and N the group 
of scalars in H, then G z H/N. Furthermore H’ = HA = SL(n, q), Sp(n, q), 
Q * (n, q), or SU(n, q2), respectively. Thus [H, n SL( V) : H’] d 2, hence for 
each Sylow p-subgroup R of H, we have Rn SL( V) < H’. Choosing 
Q E Syl,(H) and h E H as in 4.2, we have R n SL( V) < Q for some 
R E Syl,(H,). By 4.2 and 2.3 it follows that h permutes spaces V,, . . . . V, 
defined by R as in Section 2. Applying 2.3 to an arbitrary element h’ of Q 
we see that also Q permutes V,, . . . . V,. But (Q, h)N= H by condition (i) 
of the Hypothesis, hence H permutes V,, . . . . V,. This implies V, = V (as the 
kernel of this permutation action must contain the quasi-simple group H’ 
and V is an irreducible H’-module). Therefore R is cyclic (see Section 2), 
which forces H’, hence also M, to have cyclic Sylow p-subgroups. This 
contradicts condition (iii) of the Hypothesis, proving the proposition. 
7.2. PROPOSITION. M is not of exceptional Lie type if p > 7. 
Proof. Suppose p > 7 and M is of exceptional Lie type. Then M can be 
embedded as a subgroup of index d in G,, where G and 0 are as in 
Section 3, and d is prime to p (as p > 7, see [St1 I). Hence the Sylow 
p-subgroups of M and G, are the same. By 6.1, we have p # s 
( =characteristic of G). First we show: 
(1) Q := P n M is not homocyclic of exponent 3p2. 
Otherwise Q contains an element x such that for every Sylow p-subgroup 
R of M containing x we have Sot(Q) = Sot(R) (by 3.2). Since (x, g) is a 
p-group, (x, xg) lies in such a Sylow p-subgroup R. Hence Sot(Q) = 
Sot(R). Since xg E Qg and xg E R, we also have Soc(Qg) = Soc( R). There- 
fore Sot(Q) = Soc(Qg), which implies that g normalizes the non-trivial 
normal subgroup Sot(Q) of P. This contradicts condition (i) of the 
Hypothesis, which proves (1). 
With G and 0 there is associated a certain integer q, a power of the 
characteristic s (see [GoLy, p. IlO]). Since p > 7, p does not divide the 
order of the Weyl group of G. Thus the Sylow p-subgroup Q of M is 
122 HO AND ViiLKLEIN 
homocyclic of exponent the largest p-power dividing qm - 1, where m is the 
order of q modulo p (see [GoLy, I. 10.1 I). Hence by ( 1) we get: 
(2) p2 does not divide q”’ - 1. 
Suppose q = tP for some integer t. Then tmp = qm = 1 (mod p), hence t”’ E 1 
(modp). Also l+t”+ ... +t”(P-‘)=l+l+ ‘..+l=O (modp). This 
implies that p2 divides qm - 1 = ( tM - 1 )( 1 + t” + . . + tmtp ~- ‘I), which 
contradicts (2). Thus we proved: 
(3) q is not a pth power. 
This implies that M does not have a field automorphism of order p. Since 
p > 7, M also does not have a diagonal or graph automorphism of order 
p (see [GoLy, 1.7.1: (2g) and (3)]). By [GoLy, 1.7.1.(l)] it follows that 
Out(M) is a p/-group. Hence M= G by condition (ii) of the Hypothesis. 
Therefore P = Q is homocyclic, in particular abelian. Since (g, x) is a 
p-group for each XE P, it follows that g centralizes P. However, this 
contradicts condition (i) of the Hypothesis, proving the proposition. 
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